This article is based on a talk at the RIEMain in Contact conference in Cagliari, Italy in honor of the 78th birthday of David Blair one of the founders of modern Riemannian contact geometry. The present article is a survey of a special type of Riemannian contact structure known as Sasakian geometry. An ultimate goal of this survey is to understand the moduli of classes of Sasakian structures as well as the moduli of extremal and constant scalar curvature Sasaki metrics, and in particular the moduli of Sasaki-Einstein metrics.
Introduction
It is the purpose of this paper to survey much of what is known about a special type of contact structure, namely, a Sasakian structure. I concentrate on results obtained since the publication of the book [11] . Moreover, results in the book are placed in the context of Sasaki moduli spaces.
Roughly, Sasakian geometry is to contact geometry what Kählerian geometry is to symplectic geometry. A contact structure D is said to be of Sasaki type if there is a Sasakian structure S whose contact 1-form η satis es D = ker η. Equivalently, the foliation F R described by the Reeb vector eld R is Kählerian and R lies in aut(S), the Lie algebra of the group of Sasaki automorphisms. Moreover, the a ne cone (C(M), I) associated to a Sasaki manifold M has a natural exact Kählerian structure. Thus, Sasaki geometry, sandwiched naturally between two Kähler geometries, is considered to be the odd dimensional sister to Kähler geometry. There are, however, substantial di erences. The ducial example of a compact Kähler manifold is CP n with its unique, up to biholomorphism, Kählerian complex structure. In contrast there are exotic contact structures of Sasaki type on the sphere S n+ when n ≥ . So the standard ducial Sasakian structure on S n+ is one of many, in fact in nitely many. The category of Sasaki manifolds SM is more closely related to the category of Kähler orbifolds, not just manifolds. Moreover, there is a multiplication in SM mimicking the product of Kähler orbifolds, but much more complicated. The multiplication in SM is the Sasaki join operation.
From the existence of the a ne cone (C(M), I) and a theorem of Rossi, cf. Theorem 5.60 of [42] in dimension > and Marinescu and Yeganefar [80] in dimension 3, it follows [23] that a contact structure of Sasaki type is holomorphically llable (likewise, a K-contact structure is symplectically llable). So in both cases we have a special type of contact metric structure as described in the lectures of David Blair and in more detail in his books [20] [21] [22] .
We note also that a Sasakian structure is a strictly pseudoconvex CR structure whose Levi form is Kählerian. We give a list of some fundamental open problems concerning contact structures of Sasaki type in order to motivate our discussion. 1. Given a smooth manifold M determine how many inequivalent contact structures D of Sasaki type there are:
• with distinct rst Chern class c (D).
• with the same rst Chern class c (D).
2. Given a contact structure or isotopy class of contact structures:
• Determine the space of compatible Sasakian structures.
• Determine the (pre)-moduli space of Sasaki classes.
• Determine the (pre)-moduli space of extremal Sasakian structures.
• Determine the (pre)-moduli space of Sasaki-Einstein or η-Einstein structures.
• Determine the (pre)-moduli space of Sasakian structures with the same underlying CR structure.
• Determine those having distinct underlying CR structures within the same isotopy class of contact structures.
A complete answer to all of these questions is probably intractible; nevertheless, it seems judicious to have answering such problems as an ultimate goal.
Basics of Sasaki Geometry
Here we give only a brief description of Sasakian structures, and refer to [11] for details and further description. A contact structure on a n+ dimensional manifold M is a codimension one distribution D that is maximally non-integrable in the sense that there is a 1-form η on M such that η ∧ (dη) n ≠ everywhere on M. We shall always assume that our contact manifolds M are compact without boundary (closed). A contact manifold M with contact bundle D will be denoted by (M, D). When we choose a contact 1-form η we have a strict contact manifold (M, η) . We shall at times refer to the vector bundle D as a contact structure and the 1-form η as a strict contact structure. We denote by C(M) the set of all oriented and co-oriented contact structures on M, and by SC(M, D) the subset of all strict contact structures η such that η = ker D. This subset splits non-canonically into two connected components SC(M, D) ± given by xing ηo ∈ SC(M, D) and de ning
if f < everywhere.
The map ηo → −ηo reverses orientation when n is even, but preserves the orientation when n is odd. A choice of component de nes a co-orientation on (M, D). We assume in what follows that a contact structure D on M is both oriented and co-oriented. Given a strict contact structure η ∈ SC(M, D), it is well known that there exists a unique vector eld R on M, called the Reeb vector eld, that satis es η(R) = and R dη = . On the n-dimensional vector bundle D we can choose a complex structure J which gives M a strictly pseudo-convex almost CR structure, denoted by (D, J). Here we assume that J is integrable, so (D, J) is a CR structure on M. We can extend J to a section Φ of the endomorphism bundle End(M) by setting
We can now choose a compatible Riemannian metric g on M by requiring g(ΦX, ΦY) = g(X, Y) − η(X)η(Y)
holds for all vector elds X, Y. Then the quadruple (R, η, Φ, g) is called a contact metric structure on M. We make note of the relation Φ • Φ = − l + R ⊗ η and that we can write g as
We can extend the co-orientation involution ι : SC(M, D) + − −−−− →SC(M, D) − to the space of contact metric structures by sending the contact metric structure S = (R, η, Φ, g) to its conjugate structure S c = (−R, −η, −Φ, g). We have Question 1. When is the involution ι induced by a di eomorphism of M?
Little appears to be known about this question at this stage, cf. Exercise 7.2 of [11] .
De nition 2.1. A Sasakian structure S is a contact metric structure such that (D, J) is an integrable CR structure, and the Reeb eld R is an in nitesimal isometry. In fact the transverse metric g T = dη • (Φ ⊗ l) implies that the CR structure is strictly pseudoconvex. If J is not necessarily integrable but R is still an in nitesimal isometry, the quadruple S is called a K-contact structure.
Note that if S is Sasaki (K-contact) so is S c . Recently, as discussed in the talk of A. Tralle, there has been much success in nding examples of K-contact manifolds that admit no Sasakian structure [9, 46-48, 67, 79] . This involves formality which also provides obstructions in the 3-Sasakian case [54] as discussed in the talk of M. Fernández. 3-Sasakian structures are automatically Sasaki-Einstein and there are deformations of 3-Sasakian manifolds to Sasaki-Einstein structures that are not 3-Sasakian [95, 97] . Here I concentrate mainly on the Sasaki case.
De nition 2.2.
A contact structure D on M is said to be of Sasaki type if there exists a Sasakian structure S = (R, η, Φ, g) such that D = ker η.
In particular, if D is of Sasaki type, then D admits a compatible complex structure J such that (D, J) gives M a strictly pseudo-convex CR structure.
For a general contact metric structure S the dynamics of the Reeb vector eld R can be quite complicated; however, if S is K-contact it is well understood. In particular, for K-contact structures the foliation F R is a Riemannian foliation. The structure S or the foliation F R is said to be quasi-regular if there is a positive integer k such that each point of M has a foliated coordinate neighborhood U such that each leaf of F R passes through U at most k times. If k = F R is called regular, and if there is no such k it is called irregular. Quasi-regularity implies K-contact in which case the Reeb eld R generates a locally free S action of isometries. For irregular Kcontact structures the foliation F R generates an irrational ow on a torus in the automorphism group Aut(S). The closure of the foliation F R gives a singular foliationF R .
. The Transverse Holomorphic Structure
The transverse geometry of the Reeb foliation F R generated by R is of great interest. In particular, we have [11] [Proposition 6.4.8] Proposition 2.3. A contact metric structure S = (R, η, Φ, g) is K-contact if and only if the foliation F R is Riemannian, that is admits a transverse Riemannian structure.
In the Sasaki case the foliation F R is Kählerian (i.e. has a transverse Kähler structure). Let S be a Sasakian (K-contact) structure on M. From the viewpoint the Reeb foliation F R we denote the complex structure on the quotient ν(F R ) = TM/F R byJ and call it the transverse holomorphic structure which we also denote by the pair (ν(F R ),J [11] for the precise de nition). πc (F R ) can be represented by the transverse Ricci form of any Sasakian structure S whose Reeb vector eld is R and transverse complex structure isJ. We recall the type of a Sasakian structure [11] .
De nition 2.4. A Sasakian structure
When S is quasiregular so there is a S orbibundle whose quotient is a projective algebraic orbifold (Z , ∆) where Z is a projective algebraic variety with cyclic quotient singularities and ∆ is a branch divisor, c (F R ) is the pullback of the orbifold rst Chern class c orb (Z , ∆). In particular, a quasiregular Sasakian structure S is positive if and only if its quotient orbifold (Z , ∆) is log Fano.
There is an exact sequence
where δ(a) = a[dη] B , ι * is the map induced by forgetting that a basic closed 2-form is basic, and j is the
, and we note that c (D) is a contact invariant.
We remark that a choice of contact metric structure structure So not only chooses a co-orientation, but also chooses an isomorphism (TM/F Ro ,J)− −−−− →(D, J) of complex vector bundles on M.
. The A ne Cone
For any contact manifold M we consider the cone C(M) = M × R + . Choosing a 1-form η in the contact structure of M we form an exact symplectic structure on C(M) by de ning ω = d(r η) where r ∈ R + . The pair (C(M), ω) is called the symplectization of the (strict) contact structure (M, η). Using the Liouville vector eld Ψ = r∂r we de ne a natural almost complex structure I on C(M) by
where X is a vector eld on M, and R is understood to be lifted to C(M). Without further ado we shall identify M with M × {r = } ⊂ C(M). By adding the cone point we obtain an a ne variety Y = C(M) ∪ { } which is invariant under a certain complex torus action as described in the next section. We have the well known [11, 50] [4, 6] . Of course the toric case (k = n + ) has been well studied [45, 57, 84] ; but also the complexity one (k = n) case has proven to be quite accessible [4, 5, 75, 93] . Choosing a Reeb vector eld on the variety (Y , I) xes the Kähler form ω and its metricḡ. Of particular interest is the Q-Gorenstein case and its relation with the existence of Sasaki-Einstein metrics [43, 49, 56, 87] .
Remark 2.6. The variety Y plays two important roles for us. First, under certain circumstances from Y we can obtain a lling W that distinguishes contact structures of Sasaki type on M. Second, the polarized variety (Y , R) can be used to obtain stability theorems (in the sense of geometric invariant theory). This gives rise to obstructions to the existence of extremal and constant scalar curvature Sasaki metrics.
. The Einstein Condition
Our study of Sasaki geometry, which began in the early 90's, was originally motivated by the search for Einstein metrics on compact manifolds. In that time it was unknown whether Einstein metrics were scarce or plentiful on compact manifolds. Indeed we eventually discovered a plethora of examples with huge moduli spaces, cf. [11] and references therein. Of course, the condition for a Riemannian metric g to be Einstein is that its Ricci curvature Ricg is proportional to the metric g. Since when g is Sasaki we have the relation Ricg(X, R) = nη(X), any Sasaki-Einstein (SE) metric satis es Ricg = ng.
It follows that any SE structure is positive. This condition implies an equation in the basic cohomology group
From the exact sequence (3) this implies that c (D) = as a real cohomology class, or equivalently c (D) is a torsion class. We are interested in nding solutions to Equation (5) of the form = e f (7) for some smooth function f . It follows by the transverse Aubin-Yau Theorem of El Kacimi-Alaoui [52] that such solutions exist in the negative (a < − ) and null (a = − ) cases. However, for positive Sasakian structures, as in the Kähler case, there are well known obstructions to the existence of such metrics.
. Symmetries and Moment Maps
There are various symmetry groups and algebras of interest to us [27] . First on the level of contact structures we have the contactomorphism group Con(M, D) = {ϕ ∈ Diff(M) | ϕ * D ⊂ D}. Choosing a contact 1-form η representing D chooses a co-orientation for D and the component of Con(M, D) connected to the identity, viz.
Con(M, D)
where f ∈ C ∞ (M). For each such η we have the closed subgroup Con(M, D) + of strict contact transformations
We denote the Lie algebras of Con(M, D) + and Con(M, η) by con(M, D) and con(M, η), respectively. Fixing a strictly pseudo-convex CR structure (D, J) we have the (almost) CR automorphism group
and its subgroup Aut(S) = {ϕ ∈ CR(D, J) | ϕ * R = R, ϕ * g = g} of K-contact or Sasakian automorphisms depending on whether J is integrable or not. The group Aut(S) is a compact Lie group and hence has a maximal torus T k of dimension ≤ k ≤ n + which is unique up to conjugacy in Aut(S). From the point of view of the Reeb foliation F R we have the group H(R,J) of transverse holomorphic transformations [16] de ned by
where Fol(F R ) is subgroup of Diff(M) that leaves F R invariant, andφ is the projection of the di erential ϕ * onto ν(F R ). The group H(R,J) is an in nite dimensional Fréchet Lie group, since the one parameter subgroup generated by any smooth section of the line bundle L R generated by R is an element of H(R,J). For this reason it is more convenient to use the approach in [43, 56, 83] . In particular, following [83] we de ne Aut(J) of group of transverse biholomorphisms to be the group of complex automorphisms of (C(M), I) that commute with Ψ − iR. This group desends to an action on (M, S) commuting with R, and its Lie algebra by aut(J) coincides with the 'Hamiltonian holomorphic vector elds' employed in [43, 56] . Note that the connected component Aut(J) of the group Aut(J) contains the complexi cation T k C of the maximal torus T k . In the remainder of this section for simplicity we assume that our Sasaki manifold M n+ satis es H (M, R) = . We x a Sasakian structure S = (R, η, Φ, g) on M n+ . There is a moment map µ :
with respect to the Fréchet Lie group Con(M, η) de ned by
Since X ∈ con(M, η) the function η(X) is basic, and C ∞ B has Lie algebra structure de ned by the Jacobi-Poisson bracket de ned by
The evaluation map X → η(X) is a Lie algebra isomorphism
and it follows, from the fact that the only element of con(M, D) that is a section of D is the zero vector eld, that the subalgebra RR is an ideal in the center of con(M, η). One then gets an isomorphism of the quotient algebras con(M, D)/RR ≈ C ∞ B /R where R denotes the ideal of constant functions. As in [16] we de ne H S B as the subspace of C ∞ B that are solutions of the fourth-order di erential equation
where ∂ # φ is the ( , ) component of the gradient vector eld, i.e g(∂ # φ, ·) =∂φ. This gives a Lie algebra isomorphism
The Lie algebra h T (R,J)/Γ(L R ) contains the Lie algebra of a k − dimensional torus subgroup T k− of Con(M, η) with ≤ k ≤ n + . This together with the group generated by the Reeb vector eld gives a k dimensional maximal torus T k acting e ectively on M. We then have a T-equivariant moment map µ :
where X ζ if the vector eld corresponding to ζ ∈ t under the action of T. We de ne the k dimensional Abelian subalgebra
which is a k dimensional maximal Abelian subalgebra t of the Lie algebra C ∞ (M) B of smooth basic functions on M. Note that H T B contains the constants R de ned by η(aR) = a corresponding to positive multiples of the Reeb vector eld R. Remark 2.7. The symmetries of a contact structure of Sasaki type discussed here have lifts to symmetries of the a ne variety (Y , R) which we make use of from time to time.
. The Sasaki Cone
The space of Sasakian structures belonging to a xed strictly pseudoconvex CR structure (D, J) has an important subspace called the unreduced Sasaki cone and de ned as follows. Fix a maximal torus T in the CR automorphism group Cr(D, J) of a Sasaki manifold (M, η) and let t k (D, J) denote the Lie algebra of T where k is the dimension of T. Then the unreduced Sasaki cone is de ned by
It is easy to see that t + k (D, J) is a convex cone in t k = R k . It is also well known that ≤ k ≤ n + with k = n + being the toric case. Then the reduced Sasaki cone is de ned by κ(D,
is the Weyl group of Cr(D, J). The reduced Sasaki cone κ(D, J) can be thought of as the moduli space of Sasakian structures whose underlying CR structure is (D, J). We shall often suppress the CR notation (D, J) when it is understood from the context. We also refer to a Sasakian structure S as an element of t + k (D, J). We view the Sasaki cone t + k (D, J) as a k-dimensional smooth family of Sasakian structures. It is often convenient to use the complexity n + − k in lieu of the dim t + k (D, J) = k. Then the complexity is an integer from to n with being the toric case.
We can lift the Sasaki cone to the a ne variety Y [50] in which case the torus action gives the ring H of holomorphic functions on Y the weight space decomposition
k is the set of weights. In this case the Sasaki cone takes the form
.
Positive Sasakian Structures
The type of Sasaki structure as de ned in De nition 2.4 is an important invariant. It is well known [11] that if dim t + > then S must be of positive or inde nite type. We let p + denote the subset of positive Sasakian structures in the Sasaki cone t + . The subset p + is conical in the sense that if S ∈ p + so is Sa; however, it is still open whether p + is connected generally. Positive Sasakian structures are important since they give rise to Sasaki metrics with positive Ricci curvature [11, 52] . Moreover, it turns out that the space p + is related to the total transverse scalar curvature S R de ned in Equation (36) below. In fact we have [17] Proposition 2.8. Let (M, S) be a Sasaki manifold with dim t + > . Suppose also that the total transverse scalar curvature S R of S is non-positive. Then p + = ∅.
Equivalently, p + = ∅ means that all Sasakian structures in t + are inde nite. See also Theorem 5.12 below. The other extreme is that p + = t + , and this occurs when c (D) can be represented by positive de nite ( , ) form which we denote by c (D) > . It also occurs when c (D) = and t + contains any positive Sasakian structure. This is called the monotone case. This gives rise to the important
Question 2. For which contact manifolds of Sasaki type does t + = p + ?
Clearly, aside from those mentioned above, when dim t + = if there exists one positive Sasakian structure, then t + = p + . In [34] the authors described an invariant that answers this question in the case of certain S w joins (cf. Section 3.2 below). This invariant depends on a primitive class γ in H (M, Z). Given a non-zero rst Chern class c (D) ∈ H (M, Z) assume that there exists a non-negative real number B and a primitive class
Note that if H (M, Z) = there is no such invariant. When H (M, Z) ≠ , p + ≠ ∅ and dim t + > , but still no such Bγ exists, we can have the phenomenon of type changing in t + [34] in which case p + is a proper subset of t + .
Constructions of Sasaki Manifolds
In this section we describe methods for the explicit construction of Sasaki manifolds. These are divided up into 5 di erent constructions. The rst is general, up to deformations, and is used throughout. The second construction is used at times, but is not fully developed in this paper. We concentrate here on the third and fourth constructions, while the fth is currently a work in progress [36] and will not be described here. 1. the total space M of an S -orbibundle over a projective algebraic orbifold; 2. Sasakian manifolds with many symmetries, e.g. toric contact structures of Reeb type, or more generally those induced by T-varieties; 3. links of weighted homogeneous polynomials, e.g. Brieskorn manifolds; 4. the Sasaki join construction; 5. Yamazaki's ber join construction [101] . Item (1) is foundational and general (up to deformations), whereas item (2)-(5) are quite specialized. In this paper we make use of items (3) and (4), so we describe these below in some detail. First we shall often use item (1) in the form: , and let η be a connection 1-form in M whose curvature is dη = π * ω, then M with the metric π * h + η ⊗ η is a Sasaki orbifold. Furthermore, if all the local uniformizing groups inject into the group of the bundle S , the total space M is a smooth Sasaki manifold. Furthermore, all quasi-regular Sasaki manifolds are obtained this way.
The ducial example of a Sasaki manifold is the standard round sphere S n+ constructed as the total space of the Hopf bration over the complex projective space CP n . This example is regular. We obtain a weighted quasi-regular version whose quotient is a weighed projective space S n+ − −−− →CP[w , . . . , wn] using the weighted S action on the sphere induced by (19) below. We refer to the sphere with this action as the weighted sphere, denoted by S n+ w .
. Hypersurfaces of Weighted Homogeneous Polynomials
These are constructed as the links of isolated hypersurface singularities of weighted homogeneous polynomials, in particular links of Brieskorn manifolds and their deformations. We de ne a weighted C * action on C n+ by z = (z , · · · , zn) → (λ w z , · · · , λ wn zn),
where λ ∈ C * and which we denote by C * (w) where w = (w , · · · , wn) ∈ (Z + ) n+ is the weight vector and the monomial z i is said to have weight w i . This induces an action of C * (w) on the space of polynomials C[z , . . . , zn] whose eigenspaces are weighted homogeneous polynomials of degree d de ned by
We want to make two assumptions about f . First, f should have only an isolated singularity at the origin in C n+ , and second, f does not contain monomials of the form z i for any i = , . . . , n. This last condition eliminates the standard constant curvature metric sphere. Here we are concerned with Brieskorn-Pham polynomials of the form f (z) = z a + · · · + z an n (21) and their perturbations obtained by adding to f monomials of the form z b · · · z bn n where ≤ b j < a j and j b j w j = d. Here the exponent vector a = (a , a , . . . , an) ∈ (Z + ) n+ is related to the weights by a i w i = d for all i = · · · , n. The link L(a) = {f (z) = } ∩ S n+ (22) associated to the polynomial (21) is called a Brieskorn manifold. The link obtained from perturbations of a Brieskorn manifold obtained by adding a polynomial p(z , . . . , zn) is denoted by L(a, p). Both L(a) and L(a, p) have natural contact structures of Sasaki type. We denote the a ne cone with associated L(a) and L(a, p) by Y(a) and Y(a, p), respectively. The condition, which we call GC [12] , that is needed on the polynomial p is that the intersections of Y(a, p) with any number of hyperplanes z i = are smooth outside the origin. The following is essentially due to Takahashi [91] Theorem 3.2. The links L(a) and L(a, p) have a natural Sasakian structure which is the restriction of the weighted Sasakian structure Sw = (Rw, ηw, Φw, gw) on S n+ w . Such a theorem and similar results also hold for links of complete intersections of weighted homogeneous polyomials which for simplicity we do not discuss. In any case these all are Q-Gorenstein in the sense that c (D) vanishes in de Rham cohomology. Again for simplicity we restrict our attention to the simply connected case. The existence proofs for Sasaki-Einstein metrics are treated in detail in our book [11] and as well appear in our survey of over 10 years ago [25] we do not discuss further here.
. The S w Join Construction
The join construction is the Sasaki analogue for products in Kähler geometry. It was rst described in the context of Sasaki-Einstein manifolds [10] , but then developed more generally in [15] , see also Section 7.6.2. of [11] . Its relation to the de Rham decomposition Theorem and reducibility questions [66] are studied in [19] . We consider the set SO(SM) of all Sasaki orbifolds (manifolds), respectively. SO is the object set of a groupoid whose morphisms are orbifold di eomorphisms. Moreover, SO is graded by dimension and has an additional multiplicative structure described in Section 2.4 of [19] which we call the Sasaki l-monoid. The positive irreducible generators in dimension 3 are of the form * l ,l S w where the weight vector w = (w , w ) has relatively prime components w i ∈ Z + that are ordered as w ≥ w . We apply this to the submodule SM which is not an ideal in general. However, * l ,l S w does give a map SM− −−−− →SM if the condition gcd(l , l w w ) = (23) holds in which case we say that (l , l , w) are admissible. In this case the join is then constructed from the following commutative diagram
where the π is the product of the projections of the standard Sasakian projections π M : M− −−− →N and S w − −−− →CP [w] given by Theorem 3.1. The circle projection π L is generated by the vector eld
and its quotient manifold M l,w , which is called the (l , l )-join of M and S w and denoted by M l,w = M * l ,l S w , has a naturally induced quasi-regular Sasakian structure S l,w with contact 1-form η l ,l ,w . It is reducible in the sense that both the transverse metric g T and the contact bundle D l ,l ,w = ker η l ,l ,w split as direct sums. Since the CR-structure (D l ,l ,w , J) is the horizontal lift of the complex structure on N × CP [w], this splits as well. The choice of w determines the transverse complex structure J. This construction provides a family of contact structures of Sasaki type on a family of smooth manifolds whose cohomology ring can, in principle, be computed. The Sasakian structures that are most accessible through this construction are the elements of the 2-dimensional subcone t + w of the Sasaki cone t + known as the w subcone. If N has no Hamiltonian symmetries then t + = t + w . Note that * l ,l S w induces addition of the Lie algebras t M and tw, and hence addition of the Sasaki cones,
An important property of the S w join construction is that one can apply the admissible construction of Apostolov, Calderbank, Gauduchon, and Tønnesen-Friedman [1] [2] [3] to give explicit constructions of existence theorems for extremal and constant scalar curvature Sasakian structures. Since this was presented in a recent survey [32] as well ss our original papers [30, 33] , we do not give a description of this construction here.
Deformation Classes and Moduli
We denote by S(M) the space of all Sasakian structures on M and give it the C ∞ Fréchet topology as sections of vector bundles, and denote by S(M, R,J) the subset of Sasakian structures with Reeb vector eld R, with transverse holomorphic structureJ, and the same complex structure on the cone C(M). We give S(M, R,J) the subspace topology. A Sasakian structure chooses a preferred basic cohomology class
Using the transverse ∂∂ lemma [52] we can identify S(M, R,J) with the contractible space
where
with the same Reeb vector eld R, the same transverse holomorphic structureJ and the same holomorphic structure on the cone. The class [dη]
is called a transverse Kähler class or Sasaki class. Here the contact structure D changes but in a continuous way giving an equivalent contact structure by Gray's Theorem [63] . The isotopy classD of contact structures is unchanged. This type of deformation is used to nd extremal and constant scalar curvature Sasakian structures. The space S(M, R,J) described above is clearly in nite dimensional, so we want to factor this part out to get a nite dimensional moduli space. So we consider the identi cation space S(M)/S(M, R,J). It is a pre-moduli space of Sasaki classes which we denote by PM cl S . The Sasaki class of a Sasakian structure S = (R, η, Φ, g) is denoted byS. The di eomorphism group Diff(M) acts on S(M) by sending S = (R, η, Φ, g)
There is another equivalence of importance to us, namely, transverse scaling or transverse homothety. It is de ned by sending
In the sequel we shall study local conical subspaces namely, the Sasaki cones and Sasaki bouquets described in Section 4.1.
Generally very little is known about the space M cl S (M). In particular, π (M cl S (M)) is of much interest. But M cl S (M) can be non-Hausdor . Locally it is determined by the deformation theory of the transverse holomorphic structure of the foliation F R . So we x the contact structure and deform the transverse holomorphic structure using Kodaira-Spencer theory. However, as shown in [81] deforming the transversely holomorphic foliation of a Sasakian structure may not stay Sasakian. The obstruction for remaining Sasakian is the ( , ) component of the basic Euler class in the basic cohomology group H B (F R ). Fortunately, for those that we are most interested in, namely positive Sasakian structures there is a vanishing theorem¹ H ,q
For any contact structure D the rst Chern class c (D) is classical invariant. We have (3) gives relations between these subspaces. It is easy to see that [34] Proposition 4.2. The following hold:
We denote the moduli space of positive (negative) Sasaki classes with c
is an important invariant as we shall see. For null Sasakian structures we must have c (D) = , so the moduli space is denoted by M cl N . We are also interested in the question of whether a class in M cl ±,γ (M) has an extremal representative or not as described in Section 5 below. Within the class of extremal Sasakian structures perhaps the most important representatives are those with constant scalar curvature (CSC). Accordingly, we denote the moduli space of Sasakian structures with constant scalar curvature by M CSC γ (M). Note that by [52] where Θ F R is the sheaf of germs of transverse holomorphic vectors of a Sasakian structure S = (R, η, Φ, g). In this case assuming that S = (R, η, Φ, g) is quasiregular with quotient orbifold Z Proposition 8.2.6 of [11] gives an exact sequence
where Θ Z is the sheaf of germs of holomorphic vector elds of the orbifold Z. Here we consider two types of deformations, those given by the injection of the second arrow, and those coming from global sections of the toral subsheaf T ⊂ Θ Z . The latter are deformations within the Sasaki cone described in Section 4.1. Later we describe in more detail deformations of the transverse complex structure in the special case of Brieskorn manifolds. More generally deformations of the transverse complex structure have also been studied in [81, 96] . Example 4.3. Let us consider the standard contact structure on an odd dimensional sphere (S n+ , Do) which is "standard" in many ways. It is of Sasaki type and there is a complex structure Jo on Do giving the standard CR structure (Do , Jo) on S n+ . Within this contact CR structure there is a 1-form ηo whose corresponding Sasakian structure So is Sasaki-Einstein and the metric go is the standard Riemannian metric go on S n+ with sectional curvature . Moreover, the S action on S n+ gives the well known Hopf bration S n+ − −−−− →CP n which is a Riemannian submersion with the Fubini-Study metric on CP n . It is well known that the connected component of the Sasaki automorphism group Aut(So) is U(n) × S , so there is a maximal torus T n+ of dimension n + showing that the contact structure Do is toric.
Of course any deformation of Do of the form ηo → η ϕ = ηo + d c B ϕ, where ϕ satis es (27) is contactomorphic to Do by Gray's Theorem [63] . So we shall often refer to the isotopy classDo as the standard contact structure as well. Note that not all representatives of the isotopy classDo are toric since ϕ is not necessarily invariant under T n+ . Nevertheless, we consider such structures to be toric since they are deformation equivalent to a toric structure.
We know, however, that we can also deform the Reeb vector eld Ro giving a family of Sasakian structures whose underlying CR structure is (Do , Jo) .
Deformations of the Transverse Complex Structure and the Sasaki Bouquet
A deformation of the transverse complex structure induces a deformation of the CR structure which by Gray's Theorem preserves the contact structure D. For each strictly pseudoconvex CR structure (D, J) there is a unique conjugacy class of maximal tori in Cr(D, J). This in turn de nes a conjugacy class C T (D) of tori in the contactomorphism group Con(D) which may or may not be maximal. We thus recall [27] the map Q that associates to any transverse almost complex structure J that is compatible with the contact structure D, a conjugacy class of tori in Con(D), namely the unique conjugacy class of maximal tori in CR(D, J) ⊂ Con(D). Then two compatible transverse almost complex structures J,
where the union is taken over one representative of each T-equivalence class in a preassigned subset A of T-equivalence classes of transverse (almost) complex structures. Here |A| denotes the cardinality of A. Since we are considering only deformations of the transverse complex structure, we restrict ourselves to the case that Jα is integrable. We can apply deformation theory to the two constructions of Section 3: 1. hypersurfaces of weighted homogeneous polynomials; 2. the S w join construction.
Deforming a weighted homogeneous polynomial f of degree d (only through weighted homogeneous polynomials) gives a smooth local moduli space M whp at f satisfying
where h = dim C H is the complex dimension of the corresponding space of sections. In many cases these give rise to a local moduli space M SE of Sasaki-Einstein metrics, cf. [12] . In this case |A| = so there is a Tequivalent family of Sasaki cones t + (D, J t ) in a small enough neighborhood of f in M whp such that the Sasaki cones belong to inequivalent underlying CR structures. So in this case the bouquet consists of a single Tequivalence class of Sasaki cones, and we say that the bouquet is trivial. We emphasize that a trivial bouquet does not mean that the moduli space is trivial. On the other hand deforming the transverse complex structure of an S w join manifold M l,w can give a non-Hausdor local moduli space in the form of a non-trivial bouquet.
We give examples of both of these deformations later in Section 6.
. Distinguishing Contact Structures of Sasaki Type
A fundamental theorem due to John Gray, known as the Gray Stability Theorem, says that there are no local invariants, that is, all deformations of a contact structure D are trivial. Thus, one looks for discrete invariants. Clearly, we have the classical invariant, namely, the rst Chern class c (D). Two methods for distinguishing contact structures with the same rst Chern class is (1) the contact homology of Eliashberg, Giventhal, and Hofer when the transversality issues have been resolved; (2) the S -equivariant symplectic homology of an appropriate lling introduced by Viterbo [99] and developed further by Bourgeois and Oancea [24] . In this survey we concentrate mainly on (2). Here we give a brief review referring to [23, 24] for details.
As mentioned previously a contact manifold of Sasaki type is holomorphically llable; however, to compute our invariants we need a stronger condition on the lling. A holomorphic lling of a compact, coorientable contact manifold (M, D) consists of a compact complex manifold with boundary (W , J) such that • the boundary of W is di eomorphic to M; • the boundary of W is J-convex and D = TM ∩ JTM. A Stein lling of a contact manifold (M, D) is a holomorphic lling of (M, D) that is biholomorphic to a Stein domain. As mentioned in the introduction
Proposition 4.5. A contact manifold of Sasaki type is holomorphically llable.
In this case we can resolve the singularity of the a ne variety Y and cut o the cone at r = so that the boundary of the lling is M. This gives a holomorphic lling W of M with M = ∂W. However, to e ectively compute invariants we need a stronger condition on W, for example, when W is a Stein manifold. This happens for hypersurfaces of weighted singularities, in particular for Brieskorn manifolds, since we can smooth the singularity at ∈ Y to give a Stein manifold W ∞ . In this case the Liouville vector eld Ψ is globally de ned on W ∞ . We then obtain a Stein lling W by cutting o W ∞ at r = and identifying M with W ∞ ∩ {r = } = ∂W. The invariants are constructed from Floer theory on the free loop space ΛW ∞ parameterized by the sphere S N+ by considering the action functional
where γ : S − −−− →W ∞ is a loop and H(t, γ(t), z) is a time dependent S invariant Hamiltonian on W ∞ × S N+ . The critical points of A N are periodic solutions to the parameterized Hamilton's equationṡ
where X H is the Hamiltonian vector eld associated to the Hamilton H. 
where I(t, u, z) is a complex structure on the Stein manifold W ∞ , and S± are S -orbits of critical points of A N . Su ce it to say (see Section 4.2 of [23] for details) that from this data one obtains an S equivariant Floer chain complex SC S ,N and from this its S equivariant homology SH S ,N (W). However, this homology depends on the choice of Hamiltonian as well as on N. The dependence on N can be removed by taking the direct limit as N− −−− →∞. To remove the dependence on the choice of Hamiltonian we use Lemma 5.6 of [24] to give a smooth homotopy of Hamiltonians. This gives the S equivariant symplectic homology SH S (W). Then, truncating the action A to its positive part gives SH S ,+ (W). We have a theorem of Gutt [64, 65] Theorem 4.6 (Gutt) . Let M be a deformation of a Brieskorn manifold. Then SH S ,+ (W) is invariant under deformations of the symplectic structure.
There is a more general result in [65] . By a deformation of a Brieskorn manifold we mean by adding monomials of deg f to the Brieskorn-Pham polynomial representing M. The Betti numbers of the positive part of S equivariant symplectic homology SH S ,+ (W) are sb i = rank SH S ,+ i (W). We de ne the mean Euler characteristic of W as
if it exists. The following corollary, which follows from Proposition 4.21 of [23] , was suggested by Otto van Koert For details regarding the invariance and computation of the mean Euler characteristic we refer to Lemma 5. 15 and Appendix C in [72] .
In Example 5.1 and Lemma 5.2 of [23] an example of contact manifolds that cannot be distinguished by χm(W) but can by their homology groups SH S ,+ is given. A special case of much interest is when c (D) = . We note that any smooth link of a complete intersection by weighted homogeneous polynomials of dimension n + is n − -connected and has c (D) = .
Extremal Sasaki Geometry
The notion of extremal Kähler metrics was introduced as a variational problem by Calabi in [39] and studied in greater depth in [40] . The most e ective functional is probably the L -norm of scalar curvature, viz.
where s is the scalar curvature and dµ is the volume form of the Kähler metric corresponding to the Kähler form ω. The variation is taken over the set of all Kähler metrics within a xed Kähler class [ω]. Calabi showed that the critical points of the functional E are precisely the Kähler metrics such that the gradient vector eld Jgrad s is holomorphic. Recent detailed accounts of Kähler geometry are given in [59, 90] . On the Sasaki level extremal metrics were developed in [16] . The procedure is quite analogous again using the L -norm of scalar curvature sg of the Sasaki metric g, viz.
where now the variation is taken over the space S(M, R,J). Actually by the Sasaki version of a theorem of Calabi [41] extremal Sasaki metrics have maximal symmetry, so we can take the variation over the subspace Thus, we shall focus on Sasakian structures of positive or inde nite type. We recall that h T (R,J) denotes the Lie algebra of transversely holomorphic vector elds which is in nite dimensional owing to arbitrary sections of the line bundle L R generated by R. We have the following equivalent characterizations In Kähler geometry there is an important invariant that obstructs CSC Kähler metrics, the Futaki invariant which is a character on the Lie algebra of holomorphic vector elds. The search for canonical Kähler metrics either extremal or when possible CSC Kähler metrics has led to the geometric invariant theory notion of K-stability introduced by Tian [92] and developed further by Donaldson [51] and his school, cf. [90] and references therein. Further, a functional whose critical points are CSC Kähler metrics was introduced and studied by Mabuchi [76] . Extremal Kähler metrics are related to the notion of relative stability described by Székelyhidi [88, 89] . There are analogous notions in Sasaki geometry which we now explore.
. The Sasaki-Futaki Invariant and K-Stability
Recall from [16] that the Sasaki-Futaki invariant of the Reeb vector eld R on M, is the map
where ψg is the unique basic function of average value that satis es
However, since F R (R) = we can consider F R as a character on the nite dimensional Lie algebrah(R,J) = h(R,J)/Γ(L R ). We also mention that F R is independent of the representative in Sas(R,J) and that F R ([X, Y]) = , see [16, 56] . As with the Futaki invariant in Kähler geometry [58] , F R is an obstruction to the existence of constant scalar curvature Sasaki metrics (cscS).
The stability properties for quasi-regular Sasaki metrics are equivalent to the stability properties of certain Kähler orbifolds which was investigated in detail in [85] . However, to treat the general Sasaki metrics one needs to work on the a ne cone as described in Section 2.2. This was done by Collins and Székelyhidi [50] and it is this approach that we follow here. We begin by de ning two important functionals, the total volume and the total transverse scalar curvature, viz. (36) where s T denotes the transverse scalar curvature of the Sasakian structure S = (R, η, Φ, g). We de ne the 
A straigthforward computation [98, Lemma 2.15] shows that there exists a constant cn > depending only on the dimension n such that Fut(Y , R, a) = cnF R (Φ(a) ).
To proceed further we need the de nition of a special type of degeneration known as a test con guration due to Donaldson in the Kähler case and Collins-Székelyhidi in the Sasaki case:
De nition 5.4. Let (Y , R) be a polarized a ne variety with an action of a torus T C * for which the Lie algebra t of a maximal compact subtorus T R contains the Reeb vector eld R. A T C -equivariant test con guration for (Y , R) is given by a set of k T C
-homogeneous generators f , . . . , f k of the coordinate ring H of Y and k integers w , . . . , w k (weights). The functions f , . . . , f k are used to embed Y in C k on which the weights w , . . . , w k determine a C * action. By taking the at limit of the orbits of Y to ∈ C we get a family of a ne schemes Y −→ C. There is then an action of C * on the 'central ber' Y , generated by a ∈ t , the Lie algebra of some torus T C ⊂ GL(k, C) containing T C .
See [90] for more details including the precise de nition of at limit. Note that the Reeb vector eld R for Y is also a Reeb vector eld for the central ber Y . We now can obtain the correct notion of stability.
De nition 5.5. We say that the polarized a ne variety (Y , R) is K-semistable if for each T C such that R ∈ t the Lie algebra of T R and any T C -equivariant test con guration we have
where a ∈ t is the in nitesimal generator of the induced S action on the central ber Y . The polarized variety (Y , R) is said to be K-polystable if equality holds only for the product con guration Y = Y × C.
We now have a result of Collins and Székelyhidi The proof of this theorem makes use of a certain Hilbert series, namely the index character
introduced in [78] and developed further in [50] . In the latter it was shown that F(R, t) has the meromorphic extension
where a (R) = V R and a (R) = S R up to constants which are irrelevant to the argument. The author and his colleagues [18] studied the stability problem through the use of the Einstein-Hilbert functional which I discuss in the next section.
The Yau-Tian-Donaldson conjecture in the Sasaki case is: Theorem 5.6 proves one direction. The other direction is still open in general, but is known to hold in certain special cases. It has been proven in the Q-Gorenstein case c (D) r = for some r < n + by Collins and Székelyhidi [49] . A case when c (D) ≠ is given below in Corollary 5.11.
. The Einstein-Hilbert Functional
We de ne the Einstein-Hilbert functional (Φ(a) ).
If S R = then dS R = nF R (Φ(a) ).
Actually, it is more convenient to work with the 'signed' version
In either case the set of critical points is the union of the zeroes of S R and the zeroes of Sasaki-Futaki invariant F R . Thus, if the Sasakian structure given by R is extremal any critical point with S R ≠ must have constant scalar curvature [16, 58] . Using Lemma 5.9, Equation (38) and the linearity of Equation (37) in a gives Theorem 5.10 implies that if R is not a critical point of H then it is not K-semistable, hence it is K-unstable. We now discuss further properties of H . This functional was rst studied in the Q-Gorenstein case [78] (c (D) r = ) where it was shown to be proportional to the volume functional V R , and that the volume V R is globally convex. This is certainly not true generally when c (D) ≠ [33, 73] 
. Relative K-stability
Relative stability in the Sasaki case [38] follows closely the Kähler case [86, 88, 89] with the caveat that one makes use of the index character F(R, t) (39) in the relevant proofs. For the relative version of De nition 5.5 we need the transverse Futaki-Mabuchi vector eld χ [55] with its bilinear form ·, · χ. We then de ne the
Donaldson-Futaki invariant relative to T of a test con guration
Futχ(Y , R, ζ ) = Fut(Y , R, ζ ) − ζ , χ .
We now have

De nition 5.13. A polarized a ne variety (Y , ξ ) with a unique singular point is K-semistable relative to T if for every T-equivariant test con guration
Futχ(Y , R, a) ≥ .
From the Sasaki version [50] of the Donaldson Lower Bound Theorem one obtains Theorem 5.14 ([38] ). Let S be an extremal Sasaki structure on M. Then the polarized a ne variety (Y , R) is K-semistable relative to a maximal torus T.
So relative K-semistability provides an obstruction to the extremality of a Sasakian structure. Examples in the Gorenstein case can be easily obtained from Brieskorn manifolds and their perturbations. Consider the Brieskorn link (22) associated to the polynomial
with n − k ≥ and all weights w i with i = , . . . , k satisfy w i < d , the degree of f . In this case the connected component of the Sasaki automorphism group is U( ) × SO(n − k), so the Sasaki cone t + has dimension r + with r = n−k , and is given by
where Rw is the standard Reeb eld on L f . De ning variables u j = z k+j + iz k+j+ and v j = z k+j − iz k+j+ we can write the quadratic part of (42) as r j= u j v j if n − k is even, and r j= u j v j + z n if n − k is odd. The point being that vector eld ζ j has weight ( , − ) with respect to (u j , v j ) and elsewhere. It follows [38] that the well known Lichnerowicz obstruction of Gauntlett, Martelli, Sparks, and Yau [61] obstruction of SE metrics for Rw gives obstructions to the existence of extremal Sasaki metrics for every R ∈ t + . This gives a large class of Sasakian structures on the links of some Brieskorn-Pham hypersurfaces, shown in Table 1 , where extremality is obstructed. Di eo-(homeo)-morphism Type f dim t + S n × S n+ z l + z + · · · + z n+ , n, l ≥ n + S n × S n+ #Σ n+ z l+ + z + · · · + z n+ = , n ≥ , l ≥ n + Unit tangent bundle of S n+ z l+ + z + · · · + z n+ , n > , l ≥ n + Homotopy sphere Σ n+ k z k+ + z + · · · + z n+ , n > , k ≥ n + Homotopy sphere Σ n− k z k− + z + z + · · · + z n , n ≥ , k ≥ n Rat. homology sphere H n ≈ Z z k + z + · · · + z n , n, k > n k (S n+ 
Examples of Moduli Spaces for Dimension 5
In this section we consider examples of our various associated moduli spaces for 5-dimensional Sasaki manifolds. A rst question may be: what is π (M cl γ )? For example we have the following from [23] giving examples of 5-manifolds whose moduli space of positive Sasaki classes have an in nite number of components: We shall consider the moduli spaces for k = , in much more detail below. Theorem 6.1 can be contrasted with the following simply connected rational homology spheres whose moduli have a single component: Theorem 6.2 (Kollár [70, 71] ). Let lM k denote the l-fold connected sum of the simply connected rational ho-
by the moduli space of hyperelliptic genus 4 curves.
Although generally the complexity is not a contact invariant [27] , it is convenient in dimension ve for matters of discussion to decompose M cl γ into pieces according to complexity.
. Moduli of Sasakian structures on S
Since every contact structure on S satis es c (D) = we are dealing with M cl so we can drop the subscript . Furthermore, since there are no null Sasakian structures on S ([11], Corollary 10.3.9), we have
Although there are in nitely many distinct Sasakian classes in M cl − (S ), we only treat the space M cl + (S ) here. We do not yet have a complete picture of M+(S ), but χm(W) and SH +,S (W) allow us to determine in nitely many components. Moreover, we know from Proof. The only toric contact structure of Reeb type on S is the standard contact structure. A result of Liendo and Süss [75, 87] says that every complexity 1 component is represented by the link of the Brieskorn-Pham polynomial fp,q given in the hypothesis, and by Proposition 4.4 these are all exotic. Furthermore, by [23] the mean Euler characteristic of these links is given by
. So there are in nitely many non-contactomorphic components of complexity 1. For the complexity 2 components it is known from [65, 72, 94] that there is a countable in nity of complexity two components of M cl +, (S ). Explicitly consider the Brieskorn-Pham link of z + k + z + z + z which has mean Euler characteristic [23] 
Moreover, we claim that there are in nitely many complexity 2 components that are non-contactomorphic to any complexity 1 component. To see this we note that equality of the two mean Euler characteristics implies
This equation has no positive integer solutions for k when p, q ≥ and for ≤ p, q < there are at most a nite number of solutions. This concludes the proof. Remark 6.4. We do not know all complexity 2 components on S . There are many that can be represented by hypersurface singularities as well as complete intersection singularities [68] . Turning to the moduli space M SE (S ) of Sasaki-Einstein metrics on S we have combining results in [12, 23, 38, 49, 75, 87] It follows from contact reduction theory [11] that all toric contact structures D on S × S or the non-trivial bundle S ×S are obtained by a circle action on the standard S . We refer to [28] for details. If we let γ denote the positive generator in H (S × S ) and H (S ×S ), we see that c (D) = (p + p − p − p )γ where p i ∈ Z. We denote these toric contact structures as Dp. In sharp contrast with S there are in nitely many toric contact structures on S × S . We can also contrast this with the symplectic case [69] .
The following theorem is a composite of results in [16, 17, 28, 33] . The question as to which toric contact structures are inequivalent as contact structures is in general a very di cult one. Of course, distinct values of p + p − p − p , up to sign, give inequivalent contact structures. In [28] inequivalence of a subclass of these contact structures with the same p + p − p − p was shown under the assumption that contact homology is well de ned. Unfortunately, in general this is still open; however, there is a recent proof by Abreu and Macarini [8] when p + p − p − p = which we brie y discuss later. When c (Dp) ≠ the preferred metrics are those of constant scalar curvature (CSC). These come in rays in t + . The toric case was extensively studied by Legendre [73, 74] where it is proven that there are at most a nite number of CSC rays in the Sasaki cone t + of any S bundle over S . Furthermore, she gives explicit examples of more than one CSC ray. Summarizing Theorem 6.8 (Legendre) . A co-oriented toric contact manifold admits at least one ray with vanishing Sasaki-Futaki invariant. Moreover, for a co-oriented toric contact structure on an S bundle over S admits at least one CSC ray and at most 7 CSC rays. Remarks 6.9.
Recall that generally the vanishing of the Sasaki-Futaki invariant does not imply CSC. It does imply CSC
if a priori the ray is extremal. 2. There are many examples of 2 inequivalent CSC rays. 3. It should be possible to lower the bound from 7.
We now turn to the monotone case when c (Dp) = . In this case we have the trivial bundle S ×S . Clearly, the 4-parameter family reduces to a 3-parameter family of toric contact structures on S × S . Furthermore, it was shown in [44, 77] that for every such toric (Dp, J) satisfying p + p − p − p = there is a unique SE metric. We have a much better understanding of the moduli spaces for a subclass of the toric contact structures, denoted by Y p,q where gcd(p, q) = and ≤ q < p, of these SE metrics which were discovered earlier [60] and are more amenable to further study. In [33] it was shown that the Y p,q can be obtained as an S w join with the standard S , and that the SE metric lies in the t + w subcone of t + . Writing Y p,q = S * l ,l S w we see that l = gcd(p + q, p − q), l = p, w = gcd(p + q, p − q)
In [28] it was shown that although Y p,q and Y p,q are inequivalent as toric contact structures, they are equivalent as T equivariant contact structures, see also the survey [26] for more details speci c to Y p,q . The fact that Y p,q and Y p,q are T equivariantly equivalent, but not T equivariantly equivalent is related to the fact that their maximal tori belong to di erent conjugacy classes in the contactomorphism group Con(M, D).
In [7] as well as in [28] it was shown that Y p,q and Y p ,q are contact inequivalent if p ≠ p whenever the contact homology is well de ned. Unfortunately, the well de nedness of contact homology is still generally unknown; however, fortunately, as mentioned previously, Abreu and Macarini [8] have recently given a proof implying that Y p,q and Y p,q are contact inequivalent when p ≠ p using a certain crepant toric symplectic lling. In particular, they show that such llings exist in dimension ve, and that its equivariant symplectic homology is a contact invariant which essentially coincides with linearized contact homology. In the following ϕ denotes the Euler phi-function. We view the bouquet B ϕ(p) (Y p,q ) as representing a component of the moduli space whose underlying toric contact structure is Dp.
. Complexity 1 Sasakian Structures on Connected Sums of S × S
Next we consider contact structures on the connected sums M = k(S × S ) with complexity 1, that is there is an e ective action of a 2-dimensional torus on (M, D), but no e ective T action. The analysis is similar to the case of S treated above, but without a complete classi cation for complexity 1. These are given on the link L p,q,k of the Brieskorn-Pham polynomial z p + z q + z + z with gcd(p, q) = k and p, q ≥ where both³ p, q are not both . The link L p,q,k is di eomorphic to the (k − )-fold connected sum (k − )(S × S ) where k = means S . The main result is that of Collins and Székelyhidi [49] which says that L p,q,k admits an SE metric if and only if p > q and q > p. In [38] it was shown that if either of these inequalities is not satis ed, then the entire Sasaki cone can admit no extremal Sasaki metric, and in [23] it was shown that in either case there are in nitely many components in the corresponding moduli space. We have 
which proves (1). To prove (2) we note that Abreu and Macarini [8] prove that the mean Euler characteristic of a Gorenstein toric contact structure on k(S × S ) is one half an integer which comparing with Equation (44) proves (2) . As mentioned above item (3) is a result in [49] and item (4) a result in [38] .
In [87] Süss uses the theory of polyhedral divisors on the a ne variety Y to prove the existence of moduli of irregular SE metrics on the connected sums ( k + )(S × S ) for k > . In this case there is a continuous family of T-equivalent Sasaki cones belonging to inequivalent CR structures. Finally, we refer to [11] and references therein for the existence of complexity 2 Sasakian structures as well as the moduli of SE metrics on the connected sums k(S × S ). Of course, complexity 2 Sasaki CR structures have a 1-dimensional Sasaki cone and are necessarily quasiregular.
. Moduli of Sasakian Structures on S Bundles over Riemann Surfaces of genus g >
It is well known that topologically there are precisely two S over a Riemann surface Σg with structure group O( ). They are the trivial bundle Σg × S and the non-trivial bundle Σg×S , and they are distinguished by their second Stiefel-Whitney class. In each case we x an orientation. In this section I give a brief discussion, without proofs, of the results found in [19, 29, 30] . We should note that more complete results concerning the contact equivalence problem have been obtained only in the case of the trivial bundle. For it is only in that case that we show can, by using equivariant Gromov-Witten invariants [Buş10] , that there are complex structures {Jm} with m = , · · · , k − on D k whose image under Q are di erent, that is, they map to nonconjugate maximal tori in Con(Σg × S , D k ). Thus, although (D k , Jm) and (D k , J m ) are S equivariantly equivalent, they are T equivariantly inequivalent. The contact inequivalence is determined by the classical invariant c (D k ) for both the trivial and non-trival S bundles, which is − g− k for Σg ×S and − g− k− for Σg×S . In what follows we consider T equivariant contact structures D k on S bundles over Σg and for simplicity we consider g ≥ . On each D k we have a family of complex structures {Jτ,ρ,m} where τ ∈ Mg the moduli space of complex structures on Σg, ρ ∈ Pic (Σg) ≈ T g the Jacobian torus, and m = , · · · , k − coming from reducible representation of π (M) which give 2-dimensional Sasaki cones κ(D k , Jτ,ρ,m). We also have complex structures coming from the irreducible representations which are parameterized by the smooth part R irr (Σg) of the character variety R(Σg) which by Narasimhan and Seshadri [82] correspond to stable rank 2 holomorphic vector bundles on Σg. These give 1-dimensional Sasaki cones κ(D k , J τ,ρ , ). However, it is only in the case of Σg × S that we have proved the existence of bouquets. Note that the Sasaki cones are 1-dimensional for irreducible representations and 2-dimensional for reducible representation. These spaces could be non-Hausdor owing to jumping phenomenon. A similar bouquet can be given in the genus one case. Summarizing we have We are interested in when the moduli spaces have extremal representatives, and in particular those of constant scalar curvature (CSC). It is well known that the stable case with the 1-dimensional Sasaki cones κ(D k , J τ,ρ , ) have CSC Sasaki representatives. So we focus our attention on the T equivariant case. On the other hand if we let the genus grow, we can lose extremality. Proposition 6.14. For any choice of genus g ≥ there exist at least one choice of (k, m) with m = , . . . , k − such that the regular ray in the Sasaki cone κ(D k , Jτ,ρ,m) admits no extremal representative.
In this case the regular ray is relatively K-unstable.
Sasaki Moduli Spaces in higher dimension
Much less is known about the Sasaki moduli spaces for dimension greater than 5. There are some rather sporatic results depending on the construction used. For example in the case of Brieskorn manifolds, or even more generally complete interesections of hypersurfaces of weighted homogeneous singularities many results can be obtained. However, for the sake of time as well as convenience we limit the discussion to several examples. Results for the cases not treated can be found in [11, 23, 32, 33] and references therein.
. Sasaki Moduli on Homotopy Spheres
Here we restrict our discussion to homotopy spheres that bound parellelizable manifolds. It is known, cf. Theorem 9.5.10 in [11] , that for any homotopy sphere Σ n+ that bounds a parallelizable manifold |π (M cl + (Σ n+ ))| = ℵ . When n is odd the components belong to inequivalent almost contact structures, and when n is even the result is due to Ustilovsky [94] using contact homology. The well de nedness of the contact homology in this case has recently been established by Gutt [65] . For further discussion of this result see Section 6.1 of [72] . In particular the moduli space M cl + (Σ n+ ) of the homotopy spheres given in Table 1 have an in nite number of components.
We now consider the SE moduli on homotopy spheres. These moduli spaces cannot belong to the classes M cl + described by the homotopy spheres of Table 1 since the latter admit no extremal metrics at all in its Sasaki cone. So the former belong to di erent components than those of Table 1 . From [12, 13, 23] we have 4 This was incorrectly stated as the bouquet in [19, 33] . The bouquet is just B k (D k ) = k− m= κ(D k , Jτ,ρ,m) for each τ and ρ. For homotopy spheres of dimension n + we only consider the case of homotopy 7-spheres. We present our results in Table 2 from [23] . In the table, 'sig' is the Hirzebruch signature of the Stein lling W, which indicates the exotic nature of Σ and N is the number of Brieskorn homotopy -spheres with the indicated signature. The third column gives the number of pairs of Brieskorn spheres of the indicated signature with the same mean Euler characteristic. There is also one case of a triple which occurs with signature 15. From this one easily obtains lower bounds on |π (M SE (Σ ))|. The table is based on an Excel le that can be found at Otto van Koert's webpage http://www.math.snu.ac.kr/∼okoert/.
. Sasaki Moduli on Lens Space Bundles over Hodge Manifolds
It follows from Proposition 7.6.7 of [11] that any Sasaki join of the form M l,w = M * l S w where M is a regular Sasaki manifold over a compact Hodge manifold N is the total space of a 3-dimensional lens space bundle over N with ber S /Z l . The integers l = (l , l ) and w = (w , w ) satisfy the conditions of Section 3.2. Clearly this case is a generalization of the previous cases treated in Sections 6.2 and 6.4.
Question 3. What can one say about the topology of the manifolds M l,w ?
Question 4. What can one say about the set of contact structures of Sasaki type on the manifolds M l,w ?
The rst question is much more accessible than the second. For as was seen in [33] if one knows the di erentials for the Serre spectral sequence of the bration S − −−−− →M− −−−− →N one can, in principal, compute the cohomology ring of the manifold M l,w . As for the second question the answer appears to depend strongly on the Hodge manifold N. In particular, we are interested in the cardinality |π (M cl + (M l,w ))|.
We have an answer in a particular case [31] which generalizes previous work of Wang and Ziller [100] . This is the homogeneous case w = ( , ) in our notation.
